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Interfacial cracks in anisotropic ceramic bimaterials

I Quasi-static semi-infinite plane crack between dissimilar anisotropic
ceramic materials;

I General non-symmetric loading acting on the crack faces;

Symmetric and skew-symmetric weight functions

I U singular solutions of the homogeneous traction-free problem;
I Symmetric and skew-symmetric weight functions:

[U](x1) = U(x1, x2 = 0+)− U(x1, x2 = 0−),

〈U〉(x1) =
1
2
(
U(x1, x2 = 0+) + U(x1, x2 = 0−)

)
;

I General expressions in Fourier space for anisotropic materials:

[Û]+(ξ) = − 1
|ξ|

{
ReH− i sign(ξ) ImH

}
Σ̂
−

(ξ),

〈Û〉(ξ) = − 1
2|ξ|

{
ReW− i sign(ξ) ImW

}
Σ̂
−

(ξ), ξ ∈ R;

I H = Y(1) + Y
(2)

and W = Y(1) − Y
(2)

;
I Y surface admittance tensor;
I Monoclinic and orthotropic ceramics⇒ decoupling plane and antiplane strain;

Integral identities: antiplane strain

I Betti identity for antiplane strain:

T̂ +
3 (ξ)− B[û3]−(ξ) = −

〈
p̂3
〉

(ξ)− A[p̂3](ξ), ξ ∈ R,

Where: A = [Û3]−1〈Û3〉; B = [Û3]−1Σ̂3;
I Inverting the Fourier transform, we get the integral identities:

〈p3〉 +
η

2
[p3] = − 1

H33
S(s)∂[u3](−)

∂x1
, x1 < 0,

T (+)
3 = − 1

H33
S(c)∂[u3](−)

∂x1
, x1 > 0;

I H33 bimaterial matrix H element, η Dundurs parameter;
I S(s) = P−SP− and S(c) = P+SP−;
I S is a singular integral operator:

ψ = Sϕ =
1
πx1
∗ ψ(x1) =

1
π

∫ ∞
−∞

ϕ(ζ)

x1 − ζ
dζ;

I P± are orthogonal projectors (P+ + P− = I);

Integral identities: plane strain

I Betti identity for plane strain:

T̂ +
(ξ)− B[û]−(ξ) = −

〈
p̂
〉

(ξ)− A[p̂](ξ), ξ ∈ R,

Where: A = R−1[Û ]−T〈Û
T
〉R; B = R−1[Û ]−TΣ̂

T
R;

I Inverting the Fourier transform, we get the integral identities:

〈p〉 + A(s)[p] = B(s)∂[u](−)

∂x1
, x1 < 0,

T (+) + A(c)[p] = B(c)∂[u](−)

∂x1
, x1 > 0;

I A(s),B(s) matrix singular integral operators depending by S(s);
I A(c),B(c) matrix compact integral operators depending by S(c);

Applications: Mode III cracks

I Symmetrical forces:
I Traction ahead of the crack tip:

T (+)
3 (x1) =

F
π

√
a
x1

1
x1 + a

;

I Stress intensity factors:

KIII = lim
x1→0

√
2πx1T (+)

3 (x1) =

√
2
πa

F ;

I Skew-symmetrical forces:
I Traction ahead of the crack tip:

T (+)
3 (x1) = η

F
π

√
a
x1

1
x1 + a

;

I Stress intensity factors:

KIII = lim
x1→0

√
2πx1T (+)

3 (x1) = η

√
2
πa

F ;

I For homogeneous material η = 0, no contribution to Mode III;

Applications: Mode I and II cracks

I Symmetrical forces:
I Stress intensity factors:

KI = lim
x1→0

√
2πx1T (+)

2 (x1) =

√
2
πa

F2, KII = lim
x1→0

√
2πx1T (+)

1 (x1) =

√
2
πa

F1;

I Skew-symmetrical forces:
I Stress intensity factors:
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I α, δ1, δ2 Dundurs parameters⇒ interface oscillations;
I For homogeneous material⇒ δ1, δ2 = 0⇒ KI, KII = 0;
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