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Outline of the talk

0 Problem formulation
@ 2D case
@ 3D case

e Fundamental solutions
@ Fundamental solutions in linear elasticity and fracture mechanics
@ Definition of weight functions

e New fundamental solutions for interfacial cracks
@ 2D case
@ 3D case
@ Stress Intensity Factors

° lllustrative examples
@ Computation of SIFs
@ 2D perturbation problem
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Geometry of the model: the 2D case

X2
p(x) Material 1

Y- X1
Material 2
Vo, Mo

p_(x))

@ Bi-material plane

@ Perfect interface: [u] =0, [to] = 0, for x4 > 0.

@ 2D half-plane crack along the interface

@ The loading is self-balanced but NOT symmetrical:

/p++/ p_=0, /X/\p++/ XANp_=0,
T+ Y- Y+ v
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Symmetric and Skew-symmetric components

crack | crack |
symmetric component skew—symmetric component
Symmetric load: Skew-symmetric load:

(p)(x) = PLLOEPL) o) = p ) —p ()
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Symmetric and Skew-symmetric components

crack | crack |
symmetric component skew—symmetric component
Symmetric load: Skew-symmetric load:

(p)(x) = PLLOEPL) o) = p ) —p ()

@ Does the skew-symmetric component produce any stress concentration at the
crack tip?

@ Can we compute the SIFs (and possibly higher-order terms) for a general
asymmetrical distribution of forces?
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Geometry of the model: the 3D case

X
H(xl’x3ﬂ— 0 all
Observation of the SIFs
Ik, (xs)
Lok interface Ve be
77777777777777777 X3 Vo, o
@ Bi-material space
@ The loading is a function of x3:
P (x1,X3) + p_(X1, Xs)
<p>(X1vX3) == 2 ) IIP]](X17X3) :p+(X1,X3)fp7(X1,X3)

@ The SIFs are functions of xs:
K(x3) = Ki(xs) + iKi(xs) [complex SIF]
K = Kin(xs)
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Fundamental solutions in linear elasticity

Green'’s function

Solution of the displacement field at point x produced by a unit concentrated body
force e located at point y.

Point force

o/

y

Displacement
u(x,y)
\

ui(x,y) = Gj(x,y)e

1

Gij(x,y) = m[(

3—4v)dj+r,ir;]l, r=x-y, r=lr|
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Fundamental solutions in linear fracture mechanics

Point forces

\

Stress concentration
SIFs

Fundamental solutions in linear fracture mechanics are known as weight functions.
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Definition of Weight Functions (Bueckner, 1970)

Definition
SIF associated with concentrated point forces applied on the crack faces.
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Definition of Weight Functions (Bueckner, 1970)

Definition
SIF associated with concentrated point forces applied on the crack faces.

2D case
X2
Point forces Material 1
Vo My
(x7,0")
crack | interface
— | merlce |
s _ X
(x7,07) Material 2
v_, -

2D weight function: w = w(x;)

K=[°_w(x) p(xq) ox

distributed load

SEMC 2010

8/23

A. Piccolroaz, G. Mishuris, A.B. Movchan (Universities Perturbation models



Definition of Weight Functions (Bueckner, 1970)

Definition

SIF associated with concentrated point forces applied on the crack faces.

2D case
X2
Point forces Material 1
Vo My
(x7,0")
crack | interface
- s Tt =" :V’
(x7,07) Material 2
Vo, Mo

2D weight function: w = w(x;)

K=[°_w(x) p(xq) ox

distributed load

3D case

Observation
~ of the SIF

3D weight function: w = w(x{, x}, x3)

K(xa) = [, [0 w(X{, %5, xs) p(xi,x5) dxiabch
N——

distributed load
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Generalization of Weight Functions (Willis-Movchan, 1995)

Definition

Singular solution to the elastic crack problem with homogeneous boundary conditions
(traction-free crack faces): displacement field U(x1, x2), stress field Z(x1, x2).
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Generalization of Weight Functions (Willis-Movchan, 1995)

Definition

Singular solution to the elastic crack problem with homogeneous boundary conditions
(traction-free crack faces): displacement field U(x1, x2), stress field Z(x1, x2).

Material 1
Vi By

interface

X1
Material 2
AT

p(x)

Model domain for the physical solution
The crack lies on the left-hand side

u~ Z?:1 K/'f1 /2+iefj(9)

o~ Z?:1 Kjr—1/2+iegj(9)
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Generalization of Weight Functions (Willis-Movchan, 1995)

Definition

Singular solution to the elastic crack problem with homogeneous boundary conditions
(traction-free crack faces): displacement field U(x1, x2), stress field Z(x1, x2).

X2
Material 1 Material 1
Voo By Vo oy

oo imerface merface .
Material 2 Material 2
Vo, Mo Vo, Mo
p(x)
Model domain for the physical solution Model domain for the singular solutions
The crack lies on the left-hand side The crack lies on the right-hand side
un 3T Kr /G 0) U~ X KB (0)
o~ Z?:1 Kjr—1/2+iegj(9) > ~ Z?:1 Kjr73/2+ieej_(9)
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Weight Functions: a powerful tool

Weight functions (singular solutions) are a powerful tool in linear fracture mechanics,
allowing for:
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Weight Functions: a powerful tool

Weight functions (singular solutions) are a powerful tool in linear fracture mechanics,
allowing for:

@ derivation of SIFs associated to concentrated forces on the crack faces (Bueckner
weight functions):

W(x|, X, x3) = / / [T1(5. \)e'™ &4~ g,
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Weight Functions: a powerful tool

Weight functions (singular solutions) are a powerful tool in linear fracture mechanics,
allowing for:

@ derivation of SIFs associated to concentrated forces on the crack faces (Bueckner
weight functions):

W(x|, X, x3) = / / [T1(5. \)e'™ &4~ g,

@ derivation of SIFs associated to a general asymmetrical loading on the crack
faces:

Koo = [~ [~ {I016 @3 + D@ P50 e dsar,
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Weight Functions: a powerful tool

Weight functions (singular solutions) are a powerful tool in linear fracture mechanics,
allowing for:

@ derivation of SIFs associated to concentrated forces on the crack faces (Bueckner
weight functions):

W(x|, X, x3) = / / [T1(5. \)e'™ &4~ g,

@ derivation of SIFs associated to a general asymmetrical loading on the crack
faces:

Koo = [~ [~ {I016 @3 + D@ P50 e dsar,

@ evaluation of the constants near high-oder terms in the asymptotics of the solution
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Weight Functions: a powerful tool

Weight functions (singular solutions) are a powerful tool in linear fracture mechanics,
allowing for:

@ derivation of SIFs associated to concentrated forces on the crack faces (Bueckner
weight functions):

W(x|, X, x3) = / / [T1(5. \)e'™ &4~ g,

@ derivation of SIFs associated to a general asymmetrical loading on the crack
faces:

Koo = [~ [~ {I016 @3 + D@ P50 e dsar,

@ evaluation of the constants near high-oder terms in the asymptotics of the solution
@ solution of perturbation problems (load and/or geometrical perturbations)
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The 2D case: new fundamental solutions for interfacial cracks

@ Plane strain (Mode | and II)
o Symmetric weight function matrix:

[Ul0a) = —— s e o >0 1 i
v 2dy+/ 27X C1+ C17 ! ’ B= |: i 1 :|
[Ul(x1) =0 for x; < 0,
o Skew-symmetric weight function matrix:
(03
(U)(x1) = Eﬂu]]()ﬁ) for x; > 0,
o(d =) [Ex)TE ()
U)(xq) = —i B- B for x; <0,
Wiea) 4dg¢Tm{ o = ‘

@ Antiplane shear (Mode llI):
o Symmetric and skew-symmetric weight functions:

1—i 1,2
X. , forxqs >0,
[[Ue.]](X1)_{ N LUy = J1sl,
0, for x; <0,
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The 3D case: new fundamental solutions for interfacial cracks

@ Symmetric weight function:
A F11(5, A Fia(B,A)  Fia(B,A)
(g i) Faa(B8,A)  Fas(B,A)

U™ (8,7) = —————— ,
[l (8,7) NENEETY

F31(8,A)  Fa2(B,A)  Fas(B,A)
@ Skew-symmetric weight function:

_ 1 1
2(U)(8,2) = ﬁ+/|)\\c BT + (an12+7]|13+m )
_ iba(ds —7) | @ =8 0 1.0 0
2
f—ae A2 0 =B 0 00
C3B8) = 0 0 O S Mg=|0 0 0
2 (%) (b+e)(/8+i)‘|)|:/g)\ 0 _\2 8 0 0 1

It is possible to derive the 2D weight functions as limiting case A — 0.

Perturbation models SEMC 2010 12/23
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The 2D case: integral formula for the computation of SIFs

@ Plane strain (Mode | and Il): the complex SIF, K = [K, K*]T, is given by:

0

K= —im;" lim [ 3 QU1 (4~ ) RiP) () + (U) 0 — x)RIpL(x) b .

— o0

symmetric part skew-symmetric part
[U] symmetric weight function, (U) skew-symmetric weight function

(p) symmetric load, [p] skew-symmetric load

@ Antiplane shear (Mode llI):

= (1) Jm [ (Ul — xa)pa) () + (Ua) O — x0)pal(x)) i,

symmetric part skew-symmetric part
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The 2D case: integral formula for the computation of SIFs

@ Plane strain (Mode | and Il): the complex SIF, K = [K, K*]T, is given by:

0

K= —im;" lim [ 3 QU1 (4~ ) RiP) () + (U) 0 — x)RIpL(x) b .

— o0

symmetric part skew-symmetric part
[U] symmetric weight function, (U) skew-symmetric weight function

(p) symmetric load, [p] skew-symmetric load

@ Antiplane shear (Mode llI):

= (1) Jm [ (Ul — xa)pa) () + (Ua) O — x0)pal(x)) i,

symmetric part skew-symmetric part

“The skew-symmetric component does produce stress concentration at the crack tip!” \
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Material parameters involved in the int

rfacial crack problem

H Symmetric weight function [U]

Skew-symmetric weight function (U)

11— 11— 1 1—w_
b= — S L
o B Hot e
d :1721/1,71721/7 by :172u++172u,
2py 2p— 2py 2p_
v v_ _
=y oo
B e Bt g
L 9 (-2 (-2 v (24 ua(l—2v.)
* b 2u_(1—vy)+2us(1—v_) T T a 2u_(1—vy)—2ur(1—v_)
p—(t—vy) —p(1—v) B — py
o n="—""
p_(l—vy)+ps(1—v_) B+ py

Dundurs parameters
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Computation of SIFs for a plane strain deformation
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Computation of SIFs for a plane strain deformation

Fr2

X
« I I @ Point forces in a “three-point” configuration
F Fi i @ The load is self-balanced in terms of both
Heo v, symmetric part principal force and principal moment
,,,,,, - - . vectors
| | v, ™ . .
Fl2v  FI2 - Fn @ The load is not symmetrical
2 %‘:jﬁ_ @ Symmetric and skew-symmetric loads (6 is
unsymmetrical loading s the Dirac delta function):

skew—symmetric part
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Computation of SIFs for a plane strain deformation

Fr2

X
« I I @ Point forces in a “three-point” configuration
F Fi i @ The load is self-balanced in terms of both
Heo v, symmetric part principal force and principal moment
,,,,,, - - . vectors
| | v, ™ . .
Fl2v  FI2 - Fn @ The load is not symmetrical
2 %‘:jﬁ_ @ Symmetric and skew-symmetric loads (6 is
unsymmetrical loading s the Dirac delta function):

skew—symmetric part

(p)(x1) = —=F/26(xy + a) — F/45(x1 + a+ b) — F/45(x1 + a—b),
[Pl(x1) = —=Fé(xy + a) + F/26(xy + a+ b) + F/25(x; + a— b).
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Computation of SIFs for a plane strain deformation

FI2
x t 1 Point in a“h int” confi .
. a T T @ Point forces in a “three-point” configuration
Fi o @ The load is self-balanced in terms of both
A symmetric part principal force and principal moment
l l - - . vectors

v Fry Vo Fn @ The load is not symmetrical

% ' ' %‘:jﬁ_ @ Symmetric and skew-symmetric loads (¢ is
unsymmetrical loading A, the Dirac delta function):

skew—symmetric part

(p)(x1) = —=F/26(xy + a) — F/45(x1 + a+ b) — F/45(x1 + a—b),
[Pl(x1) = —=Fé(xy + a) + F/26(xy + a+ b) + F/25(x; + a— b).

Complex SIF: K = KSYM | KSKEW

KM — £ /2 cosh(reya1/2-e {% + %(1 +b/a)~ /2 4 %(1 - b/a)—1/2—’€}
s

KSKEW _ o\ /2 cosh(me)a!/2-e {% - %(1 +bja)~ /2 — %(1 - b/a)—‘/z—’f}
™
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Numerical results

Kvs. b/a
Ll SYM FEEEW 1 ) SKEW
a? F

14 K T K

12 01s

1.0 010 F. X2

KI %3 00 a
0é 1 bja .
0.4 —005 02 [V ] crack interface
4r sy P PP Y e—m—m — >
02 -0.10 l l X1
Bia -01s Fr2 Fr2
02 04 06 03 10 -
ICEYM a]n F—l KiKEW a]ﬂ F—l
Ny vy =02, v_ =03
a
god o2 0810 n=(_ —pn)/ (- +n_)
K, o4 -0
ooz n= —0.99 (green)
—004 —0.5 (orange)
_noz 0. (red)
—0.06 0.5 (blue)

—hod 0.99 (black)
006 -0.08
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Numerical results

Kvs. b/a
M 112 F*l
M KT £ gt K SHEW
14
12 015
10 0.10 F, X2
KI /%3 0os a
T3 1 . et
o4 -0.0s e merface
0.2 -0.10 l l X
. . . . b 015 Fr2 FI2
2 04 06 DE 10
%
Kém a]ﬂ F’l K;{KEW a]ﬂ F—l
0.06 02
004 —oo2
Ki 002
| oo
0.
—oo —oo6 0.5
-004 0.99 (black)
_006 —oo8

Comments:
@ K™ and KFKEW are NOT identically zero

@ KSKEW = 0 and KFKEW = 0 for b/a = 0, but both increase when increasing b/a

@ SIFsblowupas b/a — 1
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High-order terms and perturbation problems

Symmetric and skew-symmetric weight functions can be efficiently used for:
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High-order terms and perturbation problems

Symmetric and skew-symmetric weight functions can be efficiently used for:

@ Evaluation of the constants near high-order terms:

) K _1/2+ic A 1/2+ie +
X1,0) + i X1,0) ~ ——x + —x , X 0
022(X1,0) + ioy2(x1,0) e o 1 —
O [dUTT (x] — x1) d(U) T (x; — x1)
A=A —— 4 "R = 4 "R dxq.
M [ m{ = Ry ) + S Rpp () o
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High-order terms and perturbation problems

Symmetric and skew-symmetric weight functions can be efficiently used for:

@ Evaluation of the constants near high-order terms:

—1/2+ie A J1/2+ie

Xy,0) + ioya(Xq,0) ~ —=x + , x3 —0F
0'22(1 ) 0'12(1 ) \/E 1 \/E 1 1

A:M;1 lim /O {‘an<p>(x1)+d“l>—r(x1lx1)’?ﬂ:p]](x1)}dx1

dxq dxq

’
x{—0

@ Solution of perturbation problems (load and/or geometry):

crack interface crack interface crack interface

—s R - — N
Uniform advance of the Out-of-plane perturbation Out-of-plane perturbation
crack along the interface of the crack faces of the interface

SEMC 2010
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Perturbation of Mode Il interfacial cracks

@ Bi-material body subject to antiplane shear

Material 1
M

@ Asymmetrical loading on the crack faces
@ Perturbations of crack faces and interface:

Xo = eha(X1), X =eg(X1)

@ SIF for the unperturbed problem (¢ = 0):

K :f\/g/f {00 + 21610 | (-x0) "2

X2=€Y(x))

Material 2
M-
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Perturbation of Mode Il interfacial cracks

@ Bi-material body subject to antiplane shear

@ Asymmetrical loading on the crack faces

@ Perturbations of crack faces and interface:
Xo = e+ (X1), Xo =ep(xy)

@ SIF for the unperturbed problem (¢ = 0):

K :f\/g/f {00 + 21610 | (-x0) "2

Material 1
M

X2=€Y(x))

Material 2
M-

P
j: —
uiaL =P+ only ut=u" on¢e
AUF(xi,%) =0, bc on* ic
u 1,42) = Y, S 6Ui . L. aut B au— on CE
Miaixzzpi on i T
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Perturbation of Mode Il interfacial cracks

@ Bi-material body subject to antiplane shear

Material 1
M

@ Asymmetrical loading on the crack faces
@ Perturbations of crack faces and interface:

Xo = eha(X1), X =eg(X1)

@ SIF for the unperturbed problem (¢ = 0):

K f\/é/; {00 + 21610 | (-x0) "2

X2=€Y(x))

Material 2
M-

P
u + — €
pur——m =P+ only u"=u" on¢
AuF(x1,%) =0, b.c on* i.c
172 =5 out . e out  ou~ on ¢t
MiTXZZPi on i M+ an =" "an

We assume that the functions 1+, ¢ and their derivatives vanish within a finite neighbourhood of
the crack tip (regular perturbation of the boundary):

UF (X1, X2, €) = Ug) (1, X2) + eUy (%1, %) + O(F), € — 0

Kin = Ki) + kil + O(), &0
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Perturbation of Mode lll interfacial cracks: model problems

Material 1
M

X1

Material 2
[

Model problem for u(ig)(x1 L X2)
Solved by use of the Mellin transform:
-t
U(O)(S, 0) =

(Bs — p—)cos(sf)  (n—ps + p4P-)sin(so)
(s + p-)ssin(ms)  p+(ps + p—)scos(ws)
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Material 1
M

X1

Material 2

[
Model problem for u(ig)(x1 L X2)

Solved by use of the Mellin transform:

ot
Ui (s, 0) =

(B — b-)cos(st)  (u_py + pip-)sin(sh)

(s + p-)ssin(ms)  p+(ps + p—)scos(ws)

A. Piccolroaz, G. Mishuris, A.B. Movchan (Universities
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Perturbation of Mode lll interfacial cracks: model problems

Material 1
Mo

Material 2
M-
Model problem for uﬁ)(m ')

Effective loading on the crack faces:

+
F) au(u)
X =
fe (1) = x5 - (wi( )6)(1
Prescribed discontinuity of displacements
along the interface:

6u ou,
_ © 770
g(x) : ¢<X1)< e )

SEMC 2010



Integral formula for KI(”

Knowing the symmetric and skew-symmetric weight functions we can derive explicitly the first
order variation of SIFs:

K = \/7/ 2 {000+ FU00) o+

/ g(x1)x, /dx1
V2 (g +

perturbation of crack faces

perturbation of interface

Perturbation of crack faces and interface:

Loading:
1 1
x2 (p)(x1) = 55()(1+a)+16(X1+a+b)+16(X1+a—b)
Material 1
PRELEIEN W, 1 1
2d [[p]](x1):6(x1+a)f56(x1+a+b)7—6(x1+a7b)
Pt c
£ A .
e = M piliiy 1A Perturbations:
V- i
FR2 F2 M 2d Ay ) 2
5 2 Material 2 V() = £ 00 + 02 + )0 + o1 — d)
. W
a
A
$(x1) = 4y 0a +c+ ) +c — o)
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Numerical results

X2
Material 1
PN W, n=(-—p_)/(p-+p_)
- 2d. . n= —0.99 (green)
£ A, A 1A —-0.5 (orange)
— . 0. (red)
A X1
L Z” 05 (blue)
2b = Material 2 0.99 (black)
a - -
Numerical results for different material and geometrical parameters:
Perturbation of the crack faces: Perturbation of the interface:
i/ Ky @ K"/ KR (b) i | Kfy (@) K/ Kfy (b
—_—5 0.08 I I/ . ~1
} .
- . — e
ool . \2 0.04 5 -005 4 —001 N
008 N By AT ve— 0 5 002 s
K/ Ky ©  Ki”/Kn (@ © K Kno ()
5 0035 5 —
) o ) .
SR ’ 5 S o g e
0.02 2 oo 2 o1 —001 4 -
. 0.005 0.2 4
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@ Fundamental solutions in linear fracture mechanics

@ New fundamental solutions for interfacial crack problems:

e Symmetric and skew-symmetric weight functions for both 2D and 3D cases
o Skew-symmetric loading does produce stress concentration at the crack tip

@ How to use weight functions for:

o Computation of SIFs
e Computation of higher-order terms
@ Solve perturbation problems
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